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GREEDY APPROXIMATION FOR SEQUENCES WITH GAPS
M. BERASATEGUI AND P. M. BERNA´
Abstract. In this paper, we establish new advances in the theory started by T.
Oikhberg in [15] where the author joins greedy approximation theory with the use
of sequences with gaps. Concretely, we address and partially answer three open
questions related to quasi-greedy bases for sequences with gaps posed in [15, Section
6].
1. Background and organization of the paper
Since 1999, one of the algorithms that has been studied by different researchers in
the area of Non-linear Approximation Theory is the Thresholding Greedy Algorithm
(TGA). Basically, if B = (ei)i∈N is a basis in a Banach space X and x =
∑∞
i=1 e
∗
i (x)ei,
the algorithm selects the biggest coefficients of x in modulus. The pioneering paper
in this topic is [14], where S. V. Konyagin and V. N. Temlyakov introduced this algo-
rithm. After that, mathematicians such as N. J. Kalton, S. J. Dilworth, D. Kutzarova,
P. Wojtaszczyk, among others, have studied different convergences of the TGA intro-
ducing the so called greedy-type bases.
On the other hand, one important topic in Mathematical Analysis is the study of
lacunary sequences (or more generally, sequences with gaps). One important applica-
tion of these sequences with gaps is in the study of trigonometric series. For instance, a
famous result of A. Zygmund is the following: consider a sequence of positive integers
(nk)
∞
k=1 with the Hadamard condition, that is,
nk+1 > nk(1 + c), c > 0.
Assume that
∑∞
k=1 a
2
k is a divergent series where a
′
ks are non-negative real numbers.
Then, for any sequence of real numbers (bk)
∞
k=1, the trigonometric series
∞∑
k=1
ak cos(nkx+ bk)
diverges almost everywhere and also is not a Fourier series (information on the lacu-
nary trigonometric series can be found in [19]). From the point of view of approxi-
mation, for example, S. J. Dilworth and D. Kutzarova proved in [10] that there exists
a strictly increasing sequence of integers (nk)
∞
k=1 such that the lacunary Haar system(
(hnkj )
2nk
j=1
)∞
k=0
in H1 is an f(n)-approximate ℓ1 system (see [10, Proposition 5.3] for
more details).
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Recently, T. Oikhberg in [15] linked the world of the TGA with that of sequences
with gaps. Concretely, the author defined n-quasi-greedy bases for a strictly increasing
sequence of positive integers n = (nk)k∈N and he studied some relations between this
notion and the usual notion of quasi-greedy bases introduced in [14]. As an application
of his results, he proved that if the trigonometric basis in Lp (1 < p <∞) is n-quasi-
greedy, then p = 2 and, for the Haar system, he proved that in the space L1(0, 1), this
basis is not n-quasi-greedy. In a independent way, the idea of using strictly increasing
sequences n with the greedy algorithm has been used in several papers to show the
behavior of the so-called Lebesgue-type inequalities for the greedy algorithm (see for
instance [6, Section 5.5] and [7, Section 8.5]).
In this paper we address three questions posed in [15, Section 6]. The paper is
structured as follows: in Section 2 we give the main definitions of bases in Banach
spaces and introduce the TGA, the WTGA and n-t-quasi-greedy bases. In Section
3, we recall some of the main results proved by T. Oikhberg, we establish a new
result about n-suppression-quasi-greedy bases with constant one, and we give a partial
answer to an open question that connects n-t-quasi-greedy and n-s-quasi-greedy bases
for s, t ∈ (0, 1]. In Section 4, we give a negative answer to the following question: given
x in a Banach space, is it possible to find a sequence n(x) = (n1(x) < n2(x) < · · · )
such that the TGA converges for this sequence? In Section 5, for Schauder bases we
give the answer to another question posed in [15], related to sequences with bounded
gaps. In Section 6, we study subsequences of weakly null sequences, and in Section 7
we extend tha main result of [15] to the context of quasi-Banach spaces. Finally, in
Section 8, we leave some open questions for future research in the area.
2. General setting
Let X be a separable infinite dimensional Banach X space over the field F = R or
C, with a semi-normalized Markushevich basis B = (ei)∞i=1, that is, if X∗ is the dual
space of X, (ei)
∞
i=1 satisfies the following:
(i) X = [ei : i ∈ N],
(ii) there is a (unique) sequence (e∗i )
∞
i=1 ⊂ X∗, called biorthogonal functionals, such
that e∗k(ei) = δk,i for all k, i ∈ N.
(iii) if e∗i (x) = 0 for all i, then x = 0.
(iv) There is a constant c > 0 such that supi{‖ei‖, ‖e∗i ‖} ≤ c.
Additionally, if B verifies the above conditions and there is C > 0 such that
(v) ‖Sm(x)‖ ≤ C‖x‖, for all x ∈ X and all m ∈ N, where Sm is the mth partial sum,
we say that B is a Schauder basis. Its basis constant K is the minimum C for
which this inequality holds.
Hence, for a semi-normalized Markushevich basis B and x ∈ X, we have the following
formal decomposition x =
∑∞
i=1 e
∗
i (x)ei, where limi→+∞ e
∗
i (x) = 0 and the assignment
of the coefficients is unique.
Since 1999, one of the most important algorithms studied in the field of non-linear
approximation is the Thresholding Greedy Algorithm (TGA) (Gm)
∞
m=1 introduced by
S. V. Konyagin and V. N. Temlyakov in [14]. Basically, for an element x ∈ X, the
algorithm selects the biggest coefficients of x in modulus. In this occasion, we work
with a relaxed version of the TGA introduced in [16]. For a fix number t ∈ (0, 1], we
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say that a set A = A(x) is a t-greedy set for x ∈ X if
min
i∈A
|e∗i (x)| ≥ t ·max
i 6∈A
|e∗i (x)|.
Of course, if | supp(x)| = ∞, the set A is finite due to the fact that, for every ε > 0,
the set {n : |e∗i (x)| > ε} is finite (see [12]). A t-greedy sum is the projection
Gtm(x) =
∑
i∈A
e∗i (x)ei,
where A is a t-greedy set of cardinality m for x ∈ X. The collection (Gtm)∞m=1 is
called the Weak Thresholding Greedy Algorithm (WTGA) (see [16, 17]), and
we denote by Gtm the collection of t-greedy sums Gtm with m ∈ N. If t = 1, we talk
about greedy sets and greedy sums Gm.
Different types of convergence of these algorithms have been studied in several
papers, for instance [8, 9, 14]. A central concept in this theory is the notion of quasi-
greediness ([14]), where a basis is quasi-greedy if ‖Gm(x)‖ . ‖x‖, for all x ∈ X and
for all m ∈ N. The relation between quasi-greediness and the convergence of the
algorithm was given by P. Wojtaszczyk in [18]: a basis is quasi-greedy if and only
lim
n
Gn(x) = x, ∀x ∈ X. (2.1)
Consider now a strictly increasing sequence of positive integers n = (n1 < n2 < · · · ).
T. Oikhberg defined in [15] the n-t-quasi-greediness as follows: we say that B is n-t-
quasi-greedy if
lim
i
Gtni(x) = x, (2.2)
for any x ∈ X and any choice of t-greedy sums Gtni(x). Of course, in view of the
inequalities (2.1) and (2.2), if the basis is quasi-greedy then the basis is n-quasi-
greedy. One of the most important results in [15] is the existence of n-t-quasi-greedy
bases that are not quasi-greedy. In fact, [15, Proposition 3.1] shows that there are
such bases for any sequence n that has arbitrarily gaps, that is,
lim sup
i
ni+1
ni
=∞,
whereas the question of whether that is possible for sequences that do not have such
gaps is left open [15, Question 1].
Throughout the paper, n = (ni)i∈N denotes a strictly increasing sequence of natural
numbers, and B denotes a semi-normalized Markushevich basis (ei)i in a Banach space
X with biorthogonal functionals (e∗i )i. We also define
α1 := sup
i∈N
‖ei‖ and α2 := sup
i∈N
‖e∗i ‖.
As usual, by supp (x) we denote the support of x ∈ X, that is the set {i ∈ N : e∗i (x) 6=
0}, and PA with A a finite set denotes the projection operator, that is,
PA(x) =
∑
i∈A
e∗i (x)ei,
with the convention that any sum over the empty set is zero (note tha if PA is uniformly
bounded, B is an unconditional basis with constant Ks = sup|A|<∞ ‖PA‖).
For A and B subsets of N, we write A < B to mean that maxA < minB. If m ∈ N,
we write m < A and A < m for {m} < A and A < {m} respectively (and we use the
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symbols “>”, “≥” and “≤” similarly). Also, A ·∪B means the union of A and B with
A ∩ B = ∅. Finally, we denote by N>1 = N \ {1}.
3. n-t-quasi-greedy bases
As P. Wojtaszczyk did for quasi-greedy bases in [18], T. Oikhberg proved the fol-
lowing results connecting the convergence of the WTGA for general sequences n with
the boundedness of the t-greedy sums.
Theorem 3.1. [15, Theorem 2.1] A basis B is n-t-quasi-greedy if and only if
‖Gtn(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n.
Although T. Oikhberg defined n-t-quasi-greedy bases using the condition (2.2),
using the above result, we use the following equivalent definition for our purposes.
Definition 3.2. We say that B is n-t-quasi-greedy (for t ∈ (0, 1]) if there exists a
positive constant C such that
‖Gtn(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (3.1)
Alternatively, we say that B is n-t-suppression quasi-greedy if there exists a pos-
itive constant C such that
‖x−Gtn(x)‖ ≤ C‖x‖, ∀x ∈ X, ∀Gtn ∈ Gtn, ∀n ∈ n. (3.2)
We denote by Cq,t and Csq,t the smallest constants verifying (3.1) and (3.2), re-
spectively, and we say that B is Cq,t-n-t-quasi-greedy and Csq,t-n-t-suppression-quasi-
greedy.
Remark 3.3. For n = N and t = 1, we recover the classical definitions of quasi-
greediness (see [14]).
We will use the following notation for n-t-quasi-greedy bases (resp. n-t-suppression
quasi-greedy bases):
• If n = N, we say that B is Cq,t-t-quasi-greedy.
• If t = 1, we say that B is Cq-n-quasi-greedy.
• If t = 1 and n = N, we say that B is Cq-quasi-greedy.
In the literature, several papers study greedy-type bases with constant 1 such as
[4, 1, 11]. For instance, in [1], the authors proved the following result.
Theorem 3.4 ([1]). Let X be a Banach space and B a basis in X. B is 1-unconditional
if and only if B is 1-quasi-greedy.
An equivalent result for general sequences n and t = 1 is given in [15].
Proposition 3.5. [15, Proposition 2.7] A basis B is 1-n-quasi-greedy basis if and only
if B is 1-suppression-unconditional
A consequence of this result is that every 1-n-t-quasi-greedy basis is quasi-greedy.
Here, we prove the same consequence for 1-n-t-suppression-quasi-greedy bases.
Theorem 3.6. Let B be a 1-n-t-suppression-quasi-greedy basis. Then, B is quasi-
greedy.
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Proof. Since a 1-n-t-suppression-quasi-greedy basis is 1-n-suppression-quasi-greedy,
we assume t = 1. Let
M := n1α1α2.
It is immediate that for all A ⊂ N with |A| ≤ n1,
‖PA‖ ≤M, and ‖I − PA‖ ≤M + 1. (3.3)
We claim that B is M + 1-suppression quasi-greedy. Otherwise, there is a minimum
m ∈ N for which there is x ∈ X with ‖x‖ = 1 and a greedy sum for x of order m ∈ N
such that
‖x−Gm(x)‖ > M + 1.
It follows by (3.3) that m > n1. Then
M + 1 < ‖x−Gm(x)‖ = ‖x−Gm−n1(x)−Gn1(x−Gm−n1(x))‖ ≤ ‖x−Gm−n1(x)‖,
contradicting the minimality of m. 
To close this section, we will discuss the open question [15, Question 6.4]. It follows
at once from the definitions that if a basis in n-t-quasi-greedy for some 0 < t ≤ 1,
then it is also n-s-quasi-greedy for all t < s ≤ 1. The author asks under which
conditions the converse is true. While we do not have a full answer, the next lemma
gives sufficient conditions.
Lemma 3.7. Let 0 < s ≤ 1 and let n = (ni)i∈N be a strictly increasing sequence of
natural numbers. If B is a Cq,s-n-s-quasi-greedy basis, then, for each t with
s
(
1− 1
Cq,s
)
< t < s, (3.4)
B is n-t-quasi-greedy with constant
Cq,t ≤ Cq,st
s−Cq,s(s− t) .
Proof. Fix x ∈ X, n ∈ n and A an t-greedy set for x of cardinality n. Let
y := PA(x) +
t
s
(x− PA(x)).
For each i ∈ A and each j 6∈ A, we have
|e∗i (y)| = |e∗i (x)| ≥ t|e∗j (x)| = s|e∗j(y)|.
Thus, A is a s-greedy set for y of cardinality n. It follows that
‖PA(x)‖ = ‖PA(y)‖ ≤ Cq,s‖y‖ ≤ Cq,s
(
t
s
‖x‖+ (1− t
s
)‖PA(x)‖
)
.
By (3.4),
1−Cq,s
(
1− t
s
)
> 0,
so this gives
‖PA(x)‖ ≤ Cq,st
s−Cq,s(s− t)‖x‖.

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4. Adaptive gaps for Markushevich bases.
In this section, we address [15, Question 6.5] regarding adaptive gaps. Concretely,
we give a negative answer to this question by means of a new example. The question
is as follows:
For a Markushevich basis B in a Banach space X and x ∈ X, can we find a sequence
n(x) = (n1(x) < n2(x) < ...) ⊂ N so that the sequence limkGnk(x)(x) = x?
The following example shows that it is not possible, in general, to find this sequence
since we find an element in a Banach space such that (2.2) does not hold for any
sequence n.
Example 4.1. Let X be the completion of c00 under the norm
‖(ai)i‖ := sup
n≥1
∣∣∣ n∑
j=1
aj
∣∣∣,
and let B = (ei)i∈N the canonical basis. There is y ∈ X with the property that for
every 0 < t ≤ 1,
inf
Gtm(y)∈Gtm(y)
‖Gtm(y)‖ −−−−→
m→+∞
+∞. (4.1)
In particular, taking t = 1 it follows that for any strictly increasing sequence of integers
{mj}j and every sequence of greedy sums {Gmj (y)}j, we have
‖Gmj (y)− y‖ −−−−→
j→+∞
+∞.
Proof. First, note that the canonical basis (ei)i is a monotone normalized Schauder
basis for X, and for every scalar sequence (ai)i, there is x ∈ X such that
x =
∞∑
i=1
aiei
if and only if the scalar series
∞∑
i=1
ai converges.
Next, define a sequence of positive integers (nk)k and a sequence of finite sets of
positive integers (Ak)k as follows: n1 := 1, and for all k ∈ N,
nk+1 := nk + 10
k + 1, Ak := {nk + 1, . . . , nk + 10k}.
It is clear that nk < Ak < nk+1, |Ak| = 10k for all k, and
N =
⋃
k
{nk}
⋃
k
Ak
Now define a scalar sequence (bn)n as follows:
bn :=

1√
k
if n = nk,
− 1
10k
√
k
if n ∈ Ak.
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With these definitions (as usual, the empty sum is zero), it follows that for all k ∈ N,
∑
1≤n<nk
bn =
∑
1≤j<k
bnj +
∑
1≤j<k
∑
i∈Aj
bi =
∑
1≤j<k
1√
j
+
∑
1≤j<k
∑
i∈Aj
(−1)
10j
√
j
=
∑
1≤j<k
1√
j
−
∑
1≤j<k
1√
j
= 0. (4.2)
Thus,
nk∑
n=1
bn = bnk =
1√
k
, (4.3)
and for l ∈ Ak,
∣∣∣∣∣
l∑
n=1
bn
∣∣∣∣∣ =
∣∣∣∣∣∣∣
nk∑
n=1
bn +
∑
n∈Ak
n≤l
bn
∣∣∣∣∣∣∣ =
∣∣∣∣ 1√
k
− 1
10k
√
k
|{n ∈ Ak : n ≤ l}|
∣∣∣∣ < 1√
k
. (4.4)
It follows from this that
∞∑
i=1
bi = 0, so there is y ∈ X given by
y :=
∞∑
i=1
biei,
and (4.3) and (4.4) entail that ‖y‖ = 1. We claim that (4.1) holds. To prove our
claim, suppose it is false. Then, for some 0 < t ≤ 1, there is M > 0 and a strictly
increasing sequence of integers {mj}j such that
inf
Gtmj
(y)∈Gtmj (y)
‖Gtmj (y)‖ < M.
Choose a sequence of t-greedy sums {Gtmj (y)}j so that
‖Gtmj (y)‖ < M (4.5)
for all j. For each j ∈ N, the support of Gtmj (y) is a t-greedy set, say Λtmj (y). Define
a function ϕ : N→ N by
ϕ(j) := min{k ∈ N : nk 6∈ Λtmj (y)}.
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By definition, for every j ∈ N and every k ≤ ϕ(j)− 1, nk ∈ Λtmj (y). Hence,
‖Gtmj (y)‖ = sup
i≥1
∣∣∣∣∣
i∑
l=1
e∗l (G
t
mj
(y))
∣∣∣∣∣ ≥
∣∣∣∣∣∣
max{Λtmj (y)}∑
i=1
e∗i (G
t
mj
(y))
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
i∈Λtmj (y)
e∗i (y)
∣∣∣∣∣∣
≥
∑
i∈Λtmj (y)
e∗i (y) =
∑
k∈N
nk∈Λtmj (y)
1√
k
+
∑
k∈N
Ak∩Λtmj (y)6=∅
∑
i∈Ak∩Λtmj (y)
e∗i (y)
≥
ϕ(j)−1∑
k=1
1√
k
+
∑
k∈N
Ak∩Λtmj (y)6=∅
∑
i∈Ak∩Λtmj (y)
e∗i (y)
=
ϕ(j)−1∑
k=1
1√
k
−
∑
k∈N
Ak∩Λtmj (y)6=∅
|Ak ∩ Λtmj (y)|
10k
√
k
≥
ϕ(j)−1∑
k=1
1√
k
−
∑
k∈N
Ak∩Λtmj (y)6=∅
1√
k
. (4.6)
For each j ∈ N, nϕ(j) 6∈ Λtmj (y). Thus, the t-greedy condition implies that for every
n ∈ Λtmj (y),
|e∗i (y)| ≥ t|e∗nϕ(j)(y)| =
t√
ϕ(j)
. (4.7)
This implies that for all k, j ∈ N, if Λtmj (y) ∩ Ak 6= ∅, then for each n ∈ Λtmj (y) ∩Ak,
1
10k
≥ 1
10k
√
k
= |e∗n(y)| ≥
t√
ϕ(j)
,
so
10k ≤
√
ϕ(j)
t
.
Hence,
k ≤ log10
√
ϕ(j)
t
,
or (equivalently since k ∈ N),
k ≤
⌊
log10
√
ϕ(j)
t
⌋
. (4.8)
Thus, for all j ∈ N,
∑
k∈N
Ak∩Λtmj (y)6=∅
1√
k
≤
⌊
log10
√
ϕ(j)
t
⌋∑
k=1
1√
k
.
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From this and (4.6) it follows that
‖Gtmj (y)‖ ≥
ϕ(j)−1∑
k=1
1√
k
−
⌊
log10
√
ϕ(j)
t
⌋∑
k=1
1√
k
(4.9)
for all j ∈ N.
Now since (e∗i )i is w
∗-null, t is fixed, and for every j ∈ N there is n ∈ Λtmj (y) ∩
[mj ,+∞), (4.7) implies that
ϕ(j) −−−−→
j→+∞
+∞.
Therefore, there is j0 such that for all j ≥ j0,
√
ϕ(j)− 1−
√√√√⌊log10 √ϕ(j)t
⌋
+ 1 >
M
2
. (4.10)
It follows from (4.9) and (4.10) that for all j ≥ j0,
‖Gtmj (y)‖ ≥
ϕ(j)−1∑
⌊
log10
√
ϕ(j)
t
⌋
+1
1√
k
≥
∫ ϕ(j)−1
⌊
log10
√
ϕ(j)
t
⌋
+1
1√
t
dt
= 2
√ϕ(j)− 1−
√√√√⌊log10 √ϕ(j)t
⌋
+ 1
 > M.
As this contradicts (4.5), the proof is complete. 
5. n-t-quasi-greedy bases for sequences with bounded gaps
In [15, Proposition 3.1], it is proven that for every sequence n = (ni)i∈N with
arbitrarily large gaps, there is a space X with a (Schauder) basis B such that B is
n-t-quasi-greedy for all 0 < t ≤ 1, but not quasi-greedy. Recall that n has arbitrarily
large gaps if
lim sup
i
ni+1
ni
=∞.
An open question posed in the same paper, concretely [15, Question 6.1], says the
following:
Are there n-quasi-greedy but not quasi-greedy bases such that n does not have
arbitrarily large gaps?
To show that the answer of this question is negative for Schauder bases, we use the
following definition.
Definition 5.1. Let n = (nk)k∈N be a strictly increasing sequence of natural numbers,
and let l ∈ N>1. We say that n has l-bounded gaps if
ni+1
ni
≤ l,
for all i ∈ N, and we say that it has bounded gaps if it has l-bounded gaps for some
l ∈ N>1.
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Theorem 5.2. Let n = (nk)k be a strictly increasing sequence of natural numbers
and 0 < t ≤ 1. Suppose that B is a Cq,t-t-n-quasi-greedy Schauder basis with basis
constant K. For every k ∈ N, l ∈ N>1, x ∈ X and A any t-greedy set for x with
nk ≤ |A| < l · nk, we have
‖PA(x)‖ ≤ 2Cq,tK(l − 1 +K)‖x‖. (5.1)
In particular, if n has bounded gaps, the basis is quasi-greedy.
Proof. To prove (5.1), we assume without loss of generality that nk < |A| < lnk.
Thus, there is 2 ≤ j ≤ l and a partition of A into j disjoint nonempty sets (Ai)1≤i≤j
with the following properties:
|A1| ≤ nk, |Ai| = nk ∀2 ≤ i ≤ j, Ai < Ai+1 ∀1 ≤ i ≤ j − 1. (5.2)
For each 2 ≤ i ≤ j, define
Bi := {minAi, . . . ,maxAi},
Observe that for each 2 ≤ i ≤ j, Ai is a t-greedy set for PBi(x) of cardinality nk.
Hence,
‖PAi(x)‖ = ‖PAi(PBi(x))‖ ≤ Cq,t‖PBi(x)‖.
Now for each 2 ≤ i ≤ j, Bi is an interval of positive integers. Thus, the Schauder
condition implies that
‖PBi(x)‖ ≤ 2K‖x‖.
Consequently, we have
‖PAi(x)‖ ≤ 2Cq,tK‖x‖. (5.3)
for all 2 ≤ i ≤ j. If |A1| = nk, then the same argument gives that (5.3) holds also for
i = 1. If 0 < |A1| < nk, let A˜1 be the set consisting of the first nk − |A1| elements of
A \ A1. As A1 < A˜1, the Schauder condition entails that
‖PA1(x)‖ ≤ K‖PA∪A˜1(x)‖. (5.4)
Define
B1 := {minA1, . . . ,max A˜1}.
It is clear that B1 = {minA1 ∪ A˜1, . . . ,maxA1 ∪ A˜1}. Since A1 ∪ A˜1 is a t-greedy set
for PB1(x) of cardinality nk, we have
‖P
A∪A˜1(x)‖ ≤ Cq,t‖PB1(x)‖. (5.5)
Finally, the fact that B1 is an interval of positive integers entails that
‖PB1(x)‖ ≤ 2K‖x‖.
This bound, when combined with (5.4) and (5.5), gives that
‖PA1(x)‖ ≤ 2Cq,tK2‖x‖.
From this result and (5.3), it follows that
‖PA(x)‖ ≤
j∑
i=1
‖PAi(x)‖ ≤ ((j − 1)2Cq,tK+ 2Cq,tK2)‖x‖ ≤ 2Cq,tK(l − 1 +K)‖x‖,
so the proof of (5.1) is complete.
Suppose now that n has l-bounded gaps, and fix x ∈ X, and A a greedy set for x. We
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may assume without loss of generality that |A| 6∈ n (else, there is nothing to prove).
If |A| < n1, then
‖PA(x)‖ ≤
∑
i∈A
|e∗i (x)|‖ei‖ ≤ n1α1α2‖x‖. (5.6)
Otherwise, let
k0 := max
k∈N
{nk < |A|}.
As n = (nk)k has l-bounded gaps and |A| 6∈ n, we have nk0 < |A| < lnk0 . Hence, by
(5.1),
‖PA(x)‖ ≤ 2Cq,tK(l − 1 +K)‖x‖.
From this and (5.6) it follows that B is C-quasi-greedy with
C ≤ max{n1α1α2, 2Cq,tK(l − 1 +K)}.

6. Subsequences of weakly null sequences.
In [8, Theorem 5.4], it was proven that every weakly null semi-normalized sequence
with a spreading model not equivalent to the unit vector basis of c0, has a quasi-greedy
(in fact, almost greedy) basic subsequence. The question of whether every weakly null
semi-normalized sequence has a quasi-greedy basic subsequence remains open, but it
was proven in [13, Corollary 4.6] that if the sequence is a branch quasi-greedy basis,
it has a quasi-greedy subsequence. Using [8, Theorem 5.4], we can prove a similar
result for n-quasi-greedy bases. It is known that every weakly null semi-normalized
sequence has a subsequence with a 1-suppression unconditional spreading model (see
for instance [3]). Thus, by [8, Theorem 5.4] we only need to consider cases in which
the spreading model is equivalent to the unit vector basis of c0. It turns out that in
such cases, an n-quasi-greedy basis is already quasi-greedy.
Proposition 6.1. Assume that B is a Cq-n-quasi-greedy basis, and (eik)k is a sub-
sequence with a spreading model (yi)i that is M-equivalent to the unit vector basis of
c0. Then B is Kq-quasi-greedy with
Kq ≤ Cq + (Cq + 1)α2M.
Proof. Fix x ∈ X with finite support, m ∈ N, and A a greedy set for x of cardinality
m. Choose ǫ > 0, n ∈ n ∩ [m+ 1,+∞), and let
Y := [yi : i ∈ N].
By the spreading property and the hypothesis on (yi)i, there is k0 ∈ N such that for
each B ⊂ {ik}k with B > ik0 and |B| = n−m,
‖1B‖ ≤ (1 + ǫ)‖
n−m∑
i=1
yi‖Y ≤ (1 + ǫ)M. (6.1)
Choose B as above, with the additional condition that B > supp (x), and let
y := x+min
i∈A
|e∗i (x)|1B.
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As A ∪ B is a greedy set for y with cardinality n ∈ n, by the Cq-n-quasi-greedy
property, (6.1) and the triangle inequality it follows that
‖PA(x)‖ = ‖PA∪B(y)−min
i∈A
|e∗i (x)|1B‖ ≤ ‖PA∪B(y)‖+min
i∈A
|e∗i (x)|‖1B‖
≤ Cq‖y‖+min
i∈A
|e∗i (x)|‖1B‖
≤ Cq‖x‖+ (Cq + 1)min
i∈A
|e∗i (x)‖1B‖
≤ Cq‖x‖+ (Cq + 1)α2(1 + ǫ)M‖x‖. (6.2)
By letting ǫ → 0, the proof for x with finite support is complete. The general case
follows by [15, Corollary 2.3]. 
Corollary 6.2. Assume that B is n-quasi-greedy. If B is weakly null, it has a quasi-
greedy subsequence.
Proof. By passing to a subsequence if necessary, we may assume that B is a Schauder
basis with an unconditional spreading model (yi)i. If (yi)i is equivalent to the unit
vector basis of c0, then B is quasi-greedy by Proposition 6.1. Else, B has a quasi-greedy
subsequence by [8, Theorem 5.4]. 
7. The case of Quasi-Banach spaces
Recently, in [2, 5], the authors have extended the classical results of greedy-type
bases to the context of quasi-Banach spaces studying how the lack of convexity affects
the main results involving characterizations of quasi-greedy, almost greedy and greedy
bases. As the topic of greedy-type bases in quasi-Banach spaces is being developed and
there are several researchers focusing their attention on the context of quasi-Banach
spaces, in this section we extend the main result of T. Oikhberg (that is, Theorem
3.1).
We use α to denote a constant for which ‖x + y‖ ≤ α‖x‖ + α‖y‖ for all x, y in a
quasi-Banach space X. Also, for a semi-normalized basis B = (ei)i with coordinate
functionals (e∗i )i, we define
c := sup
i∈N
(1 + ‖ei‖)(1 + ‖e∗i ‖).
Remark 7.1. Note that c > 2 and that for each finite set A ⊂ N and every x ∈ X,
‖PA(x)‖ = ‖
∑
i∈A
e∗i (x)ei‖ ≤ α|A|−1
∑
i∈A
‖e∗i (x)ei‖ ≤ α|A|−1|A|c‖x‖.
First, we extend [15, Lemma 2.2] since is unknown in quasi-Banach spaces and the
proof is a little bit different.
Lemma 7.2. Let B be a basis for a quasi-Banach space X. If A is a t-greedy set for
x, for every ǫ > 0 there is y with finite support such that ‖x − y‖ ≤ ǫ and A is a
t-greedy set for x.
Proof. The proof is just the proof of Lemma [15, Lemma 2.1], with minor modifica-
tions. We may assume that A 6= ∅ and x does not have finite support. Let
δ :=
ǫ
4c2α|A||A| ,
GREEDY APPROXIMATION FOR SEQUENCES WITH GAPS 13
and choose z with finite support so that
‖x− z‖ ≤ δ.
Let
y := z + 2cδ
∑
i∈A
sign e∗i (x)ei.
We have
‖x− y‖ ≤ α‖x− z‖+ α‖z − y‖ ≤ ǫ
4
+ 2cδαα|A|−1
∑
i∈A
‖ sign e∗i (x)ei‖
≤ ǫ
4
+ 2c2δα|A||A| = ǫ
4
+
ǫ
2
< ǫ.
Note that
e∗i (y) =
{
e∗i (x) + e
∗
i (z − x) if i 6∈ A, (7.1)
(|e∗i (x)|+ 2cδ) sign e∗i (x) + e∗i (z − x) if i ∈ A. (7.2)
Let
β := min
i∈A
|e∗i (x)|.
For i 6∈ A, by (7.1) we have
|e∗i (y)| ≤ |e∗i (x)|+ |e∗i (z − x)| ≤
β
t
+ c‖z − x‖ ≤ β + ctδ
t
≤ β + cδ
t
.
On the other hand, (7.2) entails that for i ∈ A,
|e∗i (y)| ≥ |e∗i (x)|+ 2cδ − |e∗i (z − x)| ≥ β + 2cδ − c‖z − x‖ ≥ β + cδ.
Thus, A is a t-greedy set for y. 
Thanks to this result, we have the following result that many times, in Banach
spaces, is used in the literature as a “small perturbations argument”.
Corollary 7.3. Let B a basis for a quasi-Banach space X. Suppose there is 0 < t ≤ 1
and C > 0 such that for all x ∈ X with finite support, if A is a t-greedy set for x with
|A| ∈ n, then
‖PA(x)‖ ≤ C‖x‖. (7.3)
Then, for all x ∈ X, if A is a t-greedy set for x with |A| ∈ n,
‖PA(x)‖ ≤ α2C‖x‖. (7.4)
Proof. Suppose the implication is false, so (7.3) holds for all x with finite support, but
there is x ∈ X with infinite support and A a t-greedy set for x with |A| ∈ n such that
‖PA(x)‖ > α2C‖x‖.
Let
δ = ‖PA(x)‖ − α2C‖x‖, ǫ := δ
4α|A|+2c|A|C . (7.5)
14 M. BERASATEGUI AND P. M. BERNA´
As ǫ > 0, by Lemma 7.2 there is y ∈ X with finite support such that ‖x− y‖ ≤ ǫ and
A is t-greedy set for y. By (7.3), (7.5) and Remark 7.1 we have
‖PA(x)‖ ≤ α‖PA(y)‖+ α‖PA(x− y)‖ ≤ αC‖y‖+ αα|A|−1|A|c‖x− y‖
≤ αC(α‖x‖+ α‖x− y‖) + α|A||A|c‖x− y‖
≤ α2C‖x‖+ α2Cǫ+ α|A||A|cǫ
= α2C‖x‖+ α
2Cδ
4α|A|+2|A|Kc +
α|A||A|cδ
4α|A|+2c|A|C ≤ α
2C‖x‖+ δ
4
+
δ
4
= α2C‖x‖+ δ
2
= ‖PA(x)‖ − δ + δ
2
< ‖PA(x)‖.
As this is absurd, the proof is complete. 
Now we prove a variant of [15, Theorem 2.1].
Theorem 7.4. Let 0 < t ≤ 1, n = (nk)k∈N a strictly increasing sequence of positive
integers, and B a basis for a quasi-Banach space X. The following are equivalent:
(i) There is C1 > 0 such that for all x ∈ X, if A is a t-greedy set for x with |A| ∈ n,
then
‖PA(x)‖ ≤ C1‖x‖.
(ii) There is C2 > 0 such that for all x ∈ X with finite support, if A is a t-greedy set
for x with |A| ∈ n, then
‖PA(x)‖ ≤ C2‖x‖.
(iii) There is m ∈ N and C3 > 0 such that for all x ∈ X with finite support, if
m < supp (x) and A is a t-greedy set for x with |A| ∈ n, then
‖PA(x)‖ ≤ C3‖x‖.
(iv) For each x ∈ X there is C4(x) > 0 such that if A is a t-greedy set for x and
|A| ∈ n, then
‖PA(x)‖ ≤ C4(x).
(v) For any x ∈ X and any choice of t-greedy sums Gtni(x),
lim
i
Gtni(x) = x.
Proof. (i)=⇒ (ii) =⇒ (iii), (i)=⇒ (iv) and (v)=⇒ (iv) are immediate.
(ii) =⇒ (i) follows by Corollary 7.3.
(i) =⇒ (v) is proven by the argument given in the proof of [15, Theorem 2.1], with
only minor adjustments needed due to the fact that X has a quasi-norm instead of a
norm.
(iii)=⇒ (ii). Choose m,C3 as in (iii), and let B := {1, . . . , m}. Note that for every
set D ⊂ N with 0 < |D| ≤ m and every x ∈ X, by Remark 7.1 we have
‖PD(x)‖ ≤ mαmc‖x‖. (7.6)
Fix x 6= 0 and A a t-greedy set for x with |A| ∈ n. If |A| ≤ m, (7.6) already gives an
upper bound for the projection, so we may assume |A| > m. If A ∩ B = ∅, then A is
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a t-greedy set for x−PB(x). Thus, as m < supp (x− PB(x)), by hypothesis and (7.6)
it follows that
‖PA(x)‖ = ‖PA(x− PB(x))‖ ≤ C3‖x− PB(x)‖ ≤ C3α‖x‖+C3α‖PB(x)‖
≤ C3α(1 +mαmc)‖x‖.
On the other hand, if A ∩ B 6= ∅, choose D > A ∪ B with |D| = |A ∩B|, and define
y := x− PB(x) + 2c‖x‖1D.
For all i ∈ D and all j 6∈ D,
|e∗j(y)| = |e∗j(x− PB(x))| ≤ |e∗j(x)‖ ≤ c‖x‖ ≤ |e∗i (y)| ≤ t−1|e∗i (y)|. (7.7)
For all i ∈ A \B and j 6∈ A ∪B ∪D,
|ej(y)| = |ej(x)| ≤ t−1|ei(x)| = t−1|ei(y)|. (7.8)
Finally, for i ∈ A \B and j ∈ B,
|ej(y)| = 0 ≤ t−1|ei(y)|. (7.9)
It follows from (7.7), (7.8) and (7.9) that if i ∈ (A \B)∪D and j 6∈ (A \B)∪D, then
|ej(y)| ≤ t−1|ei(y)|.
Thus, (A\B)∪D is a t-greedy set for y. As |(A\B)∪D| = |A| ∈ n and m < supp (y),
by hypothesis and (7.6) we have
‖P(A\B)∪D(y)‖ ≤ C3‖y‖ = C3
∣∣∣∣x− PB(x) + 2c‖x‖1D∣∣∣∣
≤ C3α2(‖x‖ + ‖PB(x)‖+ 2c‖x‖‖1D‖)
≤ C3α2(1 +mαmc+ 2cα|D|−1|D|c)‖x‖
≤ 4mC3αm+2c2‖x‖. (7.10)
From this and (7.10) we get
‖P(A\B)(x)‖ = ‖P(A\B)(y)‖ ≤ α‖P(A\B)∪D(y)‖+ α‖PD(y)‖
= α‖P(A\B)∪D(y)‖+ α
∣∣∣∣PD(x) + 2c‖x‖1D∣∣∣∣
≤ α‖P(A\B)∪D(y)‖+ α2‖PD(x)‖+ 2cα2‖1D‖‖x‖
≤ α‖P(A\B)∪D(y)‖+ α2mαmc‖x‖+ 2cα2α|D|−1|D|c‖x‖
≤ 7mC3αm+3c2‖x‖.
Combining this result with (7.6) we obtain
‖PA(x)‖ ≤ α‖PA∩B(x)‖+ α‖PA\B(x)‖ ≤ (mαm+1c+ 7mC3αm+3c2)‖x‖.
(iv) =⇒ (iii). Suppose the implication is false. Then, there is x1 with finite support
and A1 a t-greedy set for x1 with |A1| ∈ n such that
‖x1‖ ≤ 1
10αc
and ‖PA1(x1)‖ > 10α.
16 M. BERASATEGUI AND P. M. BERNA´
Let m0 = 0 and m1 := max supp (x1)+1. As (iii) does not hold, there is x2 with finite
support and a t-greedy set A2 for x2 with |A2| ∈ n such that the following hold:
m1 < supp (x2),
‖x2‖ ≤
minj∈supp (x1){|e∗j(x1)|}
102m1αm1+1c
‖PA2(x2)‖ > (10α)2(1 + αm1m1c).
By an inductive argument, we can choose a sequence of elements with finite support
(xi)i ⊂ X and corresponding t-greedy sets (Ai) with |Ai| ∈ n, and a strictly increasing
scalar sequence (mi)i such that, for all i,
mi < supp (xi+1) < mi+1, (7.11)
‖xi+1‖ ≤
min1≤l≤iminj∈supp (xl){|e∗j(xl)|}
10i+1miαmi+1c
(7.12)
‖PAi+1(xi+1)‖ > αmi+1mic+ 1. (7.13)
It follows from (7.12) that if 1 ≤ l < i, then
max
k∈supp (xi)
|e∗k(xi)| ≤ c‖xi+1‖ < min
k∈supp (xl)
|e∗k(xl)|. (7.14)
For each n ∈ N, let
yn :=
n∑
i=1
xi and Bn := supp (yn).
Note that for every j ∈ N, ‖xj‖ ≤ 1. Thus, for every i ∈ N and every A ⊂ supp (xi+1)
such that |A| ≤ mi, by Remark 7.1 we have
PA(xi+1) ≤ α|A|−1|A|c‖xi+1‖ ≤ αmimic.
It follows from this, (7.11) and (7.13) that
|Ai+1| > mi > |Bi|. (7.15)
Thus, for every i, there is Ci+1 ⊂ Ai+1 such that |Ci+1| = |Bi| and, for each j ∈ Ci+1
and each l ∈ Ai+1 \ Ci+1,
|e∗j (xi+1)| ≤ |e∗l (xi+1)|. (7.16)
Let
Di+1 = Bi ·∪ (Ai+1 \ Ci+1).
As |Ci+1| = |Bi|, it follows that |Di+1| = |Ai+1| ∈ n for all i. Let
y := lim
n→+∞
yn.
By our choice of x1 and (7.12), inductively it follows that |e∗j(xi)| ≤ 1 for all i, j.
Hence, again by (7.12), y is well defined. We claim that for all i, Di+1 is a t-greedy
set for y. To prove this claim, fix i ∈ N, j ∈ Di+1, and n ∈ supp (y) \Di+1. As
supp (y) =
⋃
k
supp (xk)
and these supports are pairwise disjoint, there are unique k0, k1 ∈ N such that
j ∈ supp (xk0) and n ∈ supp (xk1).
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Since n 6∈ Di+1, j ∈ Di+1 and⋃
1≤k≤i
supp (xk) = Bi ⊂ Di+1 = Bi ∪ (Ai+1 \ Ci+1) ⊂ Bi ∪ supp (xi+1),
it follows that k0 ≤ i+ 1 ≤ k1. Now if k0 < k1 it follows by (7.14) that
|e∗n(y)| = |e∗n(xk1)| < |e∗j (xk0)| = |e∗j (y)|.
On the other hand, if k0 = k1 = i+1, either n ∈ Ci+1 or n 6∈ Ai+1. As j ∈ Ai+1 \Ci+1,
in the first case by (7.16) we obtain
|e∗n(y)| = |e∗n(xi+1)| ≤ |e∗j (xi+1)| = |e∗j(y)|,
whereas in the second case, the fact that Ai+1 is a t-greedy set for xi+1 entails that
|e∗n(y)| = |e∗n(xi+1)| ≤ t−1|e∗j(xi+1)| = |e∗j(y)|.
Since all cases have been considered, our claim is proven. Therefore, by hypothesis,
there is C4(y) > 0 such that
‖PDi+1(y)‖ ≤ C4(y), (7.17)
for all i ∈ N. As |Ci+1| = |Bi| < m1 by (7.15) and Ci+1 ⊂ Ai+1 ⊂ supp (xi+1), by
(7.12) and Remark 7.1 we have
‖PCi+1(y)‖ = ‖PCi+1(xi+1)‖ ≤ α|Ci+1|−1|Ci+1|c‖xi+1‖ ≤ m1αm1c‖xi+1‖ ≤ 1. (7.18)
Also, for all i,
‖PBi(y)‖ = ‖yi‖ ≤
i−1∑
j=1
αj‖xj‖+ αi−1‖xi‖ ≤
i−1∑
j=1
1
10j
+
1
10i
≤ 1. (7.19)
Since PAi+1(y) = PAi+1(xi+1) and c > 2, from (7.13), (7.17), (7.18) and (7.19) it follows
that
C4(y) ≥ ‖PDi+1(y)‖ = ‖PBi(y) + PAi+1(y)− PCi+1(y)‖
≥ α−1‖PAi+1(y)‖ − ‖PBi(y)− PCi+1(y)‖
≥ α−1‖PAi+1(y)‖ − α‖PBi(y)‖ − α‖PCi+1(y)‖
≥ α−1(αmi+1mic+ 1)− 2α ≥ 2α(mi − 1)
for all i ∈ N, which is impossible. 
Remark 7.5. In the particular case of t = 1 and n = N, Theorem 7.4 gives an
alternative proof of a known result for quasi-greedy bases in quasi-Banach spaces.
8. Open question
Question 1. Theorem 5.2 is proven under the condition of Schauder bases. Can the
Schauder condition be removed and the result be obtained using only the Markushevich
condition?
18 M. BERASATEGUI AND P. M. BERNA´
References
[1] F. Albiac and J. L. Ansorena, Characterization of 1-quasi-greedy bases, J. Approx. Theory
201 (2016), 7–12.
[2] F. Albiac, J. L. Ansorena, P. M. Berna´, P. Wojtaszczyk, Greedy ap-
proximation for biorthogonal systems in quasi-Banach spaces, Preprint 2019
https://arxiv.org/abs/1903.11651.
[3] F. Albiac, N. J. Kalton. Topics in Banach Space Theory. Graduate Text in Mathematics,
233. Springer, New York, 2006.
[4] F. Albiac and P. Wojtaszczyk, Characterization of 1-greedy bases. J. Approx. Theory 138
(2006), 65–86.
[5] P. M. Berna´, A note on partially-greedy bases in quasi-Banach spaces, Preprint (2020)
https://arxiv.org/abs/2004.01128.
[6] P. M. Berna´, O. Blasco, G. Garrigo´s, Lebesgue inequalities for greedy algorithm in general
bases, Rev. Mat. Complut. 30 (2017), 369–392.
[7] P. M. Berna´, O´. Blasco, G. Garrigo´s, E. Herna´ndez, T. Oikhberg, Embeddings and
Lebesgue-Type Inequalities for the Greedy Algorithm in Banach Spaces, Constr. Approx. 48
(2018), no. 3, 415-451.
[8] S. J. Dilworth, N. J. Kalton, D. Kutzarova. On the existence of almost greedy bases in Banach
spaces. Studia Math. 159 (2003), 67–101.
[9] S.J. Dilworth, N.J. Kalton, D. Kutzarova, and V.N. Temlyakov, The Thresholding
Greedy Algorithm, Greedy Bases, and Duality, Constr. Approx. 19 (2003), 575–597.
[10] S.J. Dilworth, D. Kutzarova, On Approximate ℓ1 Systems in Banach spaces, J. Approx.
Theory 114 (2002), 214–241.
[11] S. J. Dilworth, D. Kutzarova, E. Odell, Th. Schlumprecht and A. Zsa´k, Renorming
spaces with greedy bases. J. Approx. Theory, 188 (2014), 39–56.
[12] S.J. Dilworth, D. Kutzarova, T. Oikhberg, Lebesgue constants for the weak greedy algo-
rithm, Rev. Matem. Compl. 28 (2) (2015), 393–409.
[13] S. J. Dilworth, D. Kutzarova, Th. Schlumprecht, P. Wojtaszczyk. Weak thresholding greedy
algorithms in Banach spaces. J. Funct. Anal. 263 (2012), 3900–3921.
[14] S.V. Konyagin, V.N. Temlyakov, A remark on greedy approximation in Banach spaces, East.
J. Approx. 5, (1999), 365–379.
[15] Oikberg, T., Greedy algorithm with gaps, J. Approx. Theory 225 (2018), 176–190.
[16] V. N. Temlyakov, The bestm-term approximation and greedy algorithms. Adv. Comput. Math.
8 (1998), 249–265.
[17] V. N. Temlyakov, Nonlinear m-term approximation with regard to the multivariate Haar
system, East J. Approx., 4, (1998), 87–106.
[18] P. Wojtaszczyk, Greedy Algorithm for General Biorthogonal Systems, Journal of Approxima-
tion Theory, 107, (2000), 293–314.
[19] A. Zygmund, Trigonometric Series, Vol. I, Cambridge University Press, 1959.
Miguel Berasategui, IMAS - UBA - CONICET - Pab I, Facultad de Ciencias Exactas
y Naturales, Universidad de Buenos Aires, (1428), Buenos Aires, Argentina
E-mail address : mberasategui@dm.uba.ar
Pablo M. Berna´, Departamento de Matema´tica Aplicada y Estad´ıstica, Facultad de
Ciencias Econo´micas y Empresariales, Universidad San Pablo-CEU, CEU Universities,
Madrid, 28003 Spain.
E-mail address : pablo.bernalarrosa@ceu.es
